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Abstract

In this paper, a locking-free meshless local Petrov—Galerkin formulation is presented for shear flexible thick plates,
which remains theoretically valid in the thin-plate limit. The kinematics of a three-dimensional solid is used, instead of
the conventional plate assumption. The local symmetric weak form is derived for cylindrical shaped local sub-domains.
The numerical characteristics of the local symmetric weak form, in the thin plate limit, are discussed. Based on this dis-
cussion, the shear locking is theoretically eliminated by changing the two dependent variables in the governing equa-
tions. The moving least square interpolation is utilized in the in-plane numerical discretization for all the three
displacement components. In the thickness direction, on the other hand, a linear interpolation is used for in-plane dis-
placements, while a hierarchical quadratic interpolation is utilized for the transverse displacement, in order to eliminate
the thickness locking. Numerical examples in both the thin plate limit and the thick plate limit are presented, and the
results are compared with available analytical solutions.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction

The meshless local Petrov—Galerkin (MLPG) method is a truly meshless method, which requires no ele-
ments or background cells, for either the interpolation or the integration purposes. The concept of MLPG
was first proposed by Atluri and Zhu [1], and later discussed in depth in Atluri and Shen [2,3], and in Atluri
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[4]. The most significant difference between this method and the finite element method or any other meshless
method, is that the local weak forms are generated on overlapping local sub-domains, instead of using the
global weak form. Integration of the weak form is performed in local sub-domains with simple geometrical
shapes; therefore no elements or background cells are necessary either for interpolation purposes or for
integration purposes. The MLPG methods have found a wide range of application in 2-D elasto-statics
[5], 2-D elasto-dynamics [6], fluid mechanics [7], convection-diffusion problems [8], thin plates [9], thick
plates [10], fracture mechanics [11,12], electromagnetic field computations [13], strain gradient theory
[14], and multiscale simulations [15]. More recently, significant efforts have been devoted to the develop-
ment of the MLPG method in the 3-D regime. Li et al. [16] applied MLPG domain discretization method
to 3-D elasto-statics. Han and Atluri [17] applied the MLPG BIE methods to 3-D elastic fracture problems.
A detailed comparison of the performance of the MLPG methods, in 3-D problems, was carried out by
Han and Atluri [18]. A more stable and efficient numerical integration scheme to evaluate the weak-forms
was also proposed in the same paper. Han and Atluri [19] also applied the MLPG domain discretization
method to 3-D elasto-dynamic problems of impact and fragmentation.

Sori¢ et al. [20] applied the 3-D MLPG method to study thick solid plates. By using the kinematics of
a 3-D continuum, the plate was described by sets of two nodes located on the upper and lower surface of
the plate. The local symmetric weak forms were generated on the cylindrical local sub-domains that sur-
round each set of nodes on the plate surfaces. The trial function in the in-plane directions was interpo-
lated by a 2-D moving least squares (MLS) approximation. The test function was of a linear form.
Promising results were obtained for thick plates, with thickness to span ratio greater than 1/20. However,
the drawback of shear locking appeared in the case of thin plates, when the thickness to span ratios were
less than 1/20.

In the current paper, a totally locking-free 3-D MLPG formulation is developed, which remains valid for
both thick as well as thin plates. The shear locking phenomenon was previously addressed in the literature,
using other meshless methods, by specially constructing the shape function of the rotation field to be the
derivative of the displacement field, so that the field inconsistency could be eliminated [21,22]. In this paper,
a different concept, which completely removes the locking phenomenon from its theoretical origin, is used.
The concept of a locking-free weak formulation was first introduced by Atluri [23]. It was successfully ap-
plied to shear flexible beams by Cho and Atluri [24]. By properly choosing the field variables, the shear
locking could be eliminated completely, a priori, without any numerical expediencies such as the reduced
integration, or the use of assumed strains. Using this concept in the solid plate formulation, the generalized
coordinates of the upper—lower nodes are changed to be the mid-plane displacements, and shear strain com-
ponents. The corresponding locking-free local symmetric weak form is constructed over cylindrical shaped
local sub-domains surrounding each upper—lower node set. No reduced-order-integration is necessary in
integrating the present locking-free weak-form. A MLS approximation is used in the interpolation of field
variables in the in-plane directions. Detailed numerical results, which validate the present formulation, are
presented for both thick as well as thin plates.

2. MLPG formulation for a 3-D plate

The presently used concept of a 3-D plate retains the kinematics of three-dimensional continuum in the
flat plate structures. The strong form governing equations are the linear momentum balance equations of a
3-D solid:

U[j.j+b[:0, (l)

u; = u;, on Fu, (Za)



118 Q. Li et al. | Journal of Computational Physics 208 (2005) 116—133

t, = G[jnj = ;,', on F[, (2b)

where ¢;; are the components of the symmetric stress tensor, b; are the body forces, #; are the prescribed
displacements, #; are the prescribed surface tractions, n; are the components of a unit outward normal to
the global boundary, I', is the part of global boundary with prescribed displacements, and I, is the part
of global boundary with prescribed surface tractions.

The plate is discretized with the set of two nodes on the upper and lower surfaces, respectively. Instead of
writing the global weak form for the governing equations, the MLPG method constructs the weak forms
over local sub-domains, which are taken as cylinders standing between upper and lower surfaces around
each node set (Fig. 1).

The local unsymmetric weak form over the Jth local sub-domain is

/ (aij,j + bl) Vi dQ — OC/ (ui — l?i)v,» dr = 0, (3)
fod r’

s su

where u; is the trial function for the displacement field, @/ is the local sub-domain surrounding the Jth node
set, I'/ is the part of the boundary of the local sub-domain with the prescribed displacements i, and o
denotes a penalty parameter.

By applying the divergence theorem, the local symmetric weak form could be derived as

/ Uijvinj dr — / (7,']'\),'\/' dQ + / b,—vl- dQ — O(/ (ui — lft,-)v,- dr =0. (4)
ri o r

s s s su

We assume the test function v; to be linear in the thickness direction, as
Vi = Voi + X3V, (5)

where vo; and vy; are arbitrary constants.
By substituting the above test functions into Eq. (4) and imposing the boundary condition in Eq. (2b),
one obtains

! Il r fod Il

su st s su

+ (/ tix3 dF+/ tix3 dF+/ 1,x3 dF+/ (bixs — 0;3)dQ — (Z/ (w; — u)x3 dF) v; =0. (6)
154 ry r (4 ri

su st

upper surface

middle surface

lower surface

RY

Fig. 1. Nodal location and local sub-domain.
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Herein the boundary I'/ of the Jth local sub-domain consists of three parts, I'' = L/ U T, UT”,. L is the
local boundary that is totally inside global domain. I/, is the part of local boundary that coincides with
the global traction boundary, i.e., I'}, = I'V N I'\. I'), is the part of local boundary that coincides with the
global geometric boundary, i.e., I, = I/ N T,.

Because vo; and vy; are independent of each other, Eq. (6) can be decomposed to the following set of
equations

/t,-dr+/ t,-dr+/ f,-dr+/ b,-dQ—oc/ (u; — ;)dI" = 0, (7a)
r s r’ fod s

st s

/ 1;x3 dr + / 1ix3 dr + / ;[x_ﬁ, dr + / (b,'X3 — G[})dg — O(/ (u,‘ — 17{,‘))C3 dr =0. (7b)
r i, r’

I’

st s su

Therefore, six governing equations are generated for each local sub-domain.

3. Locking-free formulation

Locking phenomena are observed in the above meshless solid plate formulation. Two types of locking
phenomena are addressed in the current paper, (1) shear locking in the thin plate limit; (2) thickness locking
when Poisson’s ratio is non-zero.

3.1. Shear locking

In finite element analysis, shear locking in a solid shell element is well documented. Various methods such
as assumed strain, and reduced integration, were used for the solid shell elements in order to eliminate the
shear locking [25]. A higher order interpolation was also claimed to relieve the shear locking phenomenon
[26].

In order to reveal the shear locking phenomenon in the meshless solid plate formulation, a local sub-do-
main which does not intersect with the global boundary, with no body forces and no external forces, is exam-
ined. With these assumptions, the integrations over IV , I/, and ©/ in Egs. (7a) and (7b) are eliminated. The
governing equations simply become

2n 4 2r
1 (Qu, d
/tdF / / 4R d6 dis = / / 1 E <”" ”’)dedx3o G, j.k=1,2,3), (8a)
% 0 61 axk
/t- dF—/ o; dQ—R/% /zn E L (O O o de //2/ a“" L0 e d0
Jus iX3 Jo i3 = s n; ljk/z 6 axk X3 3~ y 13kl axk r 3
—0

(i7j7k: 17273)7 (8b)

[

where R is the radius of the cylindrical local sub-domain, / is the thickness of the plate, ; is the outward
normal on Ls E;;; is the tensor of elastic constants. If a linear interpolation in the thickness direction is
used for displacements, the plate deformation can be described as

{ Uy = Uy (X/s) + X3Uy (Xﬂ),

uy = uso(xp) + x3u31 (xp),

(a7ﬁ:172)7 (9)

where u,y and uzg are the mid-surface displacements, while u,; and u3; describe the total rotations. The
derivatives of the displacements become:
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auf au,‘() 614,'1

ox, Ox, ox,’

(10)

Substituting Eq. (10) into Egs. (8a) and (8b) and integrating through the thickness, we have:

2n 1 [Ou 0 auﬁo ou 30
tdl = Rh | Eip 5 | = Eij a | +Ey 0=0, 11
/L\/ d \/0\ nj|: jﬁ2<aXﬁ + ax1> + i3 <a +ul)+ j33u31:|d ( a)

h3 n aual Gu/;l 6u31
Jymar= fmea sy [ [Ez (ax,; o)+ o ()| Joo -
n @ o O Ou
/ / 13y/f 10 + 50 + Eis, el Uy | + Epssusi | pr drdo
ox,, axa

(11b)

Consider the case when u,, 1,1, Uzg, uz; are interpolated by a meshless interpolation. While these interpo-
lations will not be exactly polynomials in r and 6 in each domain, for a C; continuous trial function, one
may consider their constant components and components that are approximately linear in r. Let

uy; = Dy + Dyir + higher order terms. (12)

Then it is seen that the first integrand on left hand side of Eq. (11b) will lead to a term of the type D, RA,
while the second integrand on the left hand side of Eq. (11b) will lead to a term of the type D,;R*h In the
thin plate limit (4 — 0), we have

Rh R?

RE T )

Thus, the algebraic equation corresponding to Eq. (11b) in the limit as # — 0 leads to the condition
D, — 0. Thus, u,; — D,y which means “constant” total rotation or zero bending moment in Eq. (11b).
However, in the thin plate limit, bending not only exists, but, it is also expected to be the dominant behav-
ior. Hence, the exact integration will lead to an overly stiff result, and the system locks. In order to eliminate
the shear locking phenomenon, we introduce a new variable y,, such that:

Ou
Vo = axio + Uy (14)
Substituting Eq. (14) into Eq. (9), we have:
- Quzg
Uy = Uy +x3<))zx axa)v (158‘)
Uz = u3o + X3u31. (15b)

The field variables u,q, 139, Uy, uz; are changed to u,g, uzg, 74 uz1. The governing equation (11b) becomes

B 1 (dy, O Quso Ous)
xy dI — Q=R N Eijop s | 7 -2 Ei Ok
/Lﬁ tes d /Qs’ o d 12 J, {n] { () <a)Cp’ - 0x, Oxy axﬁ) T e ( 0x )] }d

2n 6 . )
/ / Ezup= L0 + 50 + Ei33,)y + Eiszzusy | pr drdo
2 ox,
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Let y, be approximated as
7, = Ca0 + C,yr + higher order term. (17)

The first integrand will contain a term of the type C,;Ri>. The second integrand will contain a term of the
type C,1R*h. In the thin plate limit, the algebraic equation corresponding to Eq. (16) will lead to the con-
ditions C,; — 0 and C,y — 0. Thus, y, — 0; this is physically correct, and does not lead to locking in the
bending behavior in the plate.

3.2. Thickness locking

It is well known that if the Poisson’s ratio is non-zero, when bending occurs in the plate, the strain in the
out-of-plane direction &35 varies linearly in the thickness direction, due to the coupling between the linear
in-plane strains and the normal stress in the thickness direction. Therefore, the linear assumption of
u3 = uzg + x3u3; in Eq. (15b) will lead to an inaccurate result, which is the well known “thickness-locking™
phenomenon. Hauptmann et al. [25] introduced another degree of freedom, at the midpoint in a solid shell
element, in order to introduce a quadratic interpolation in the thickness direction. A similar technique is
used in the current paper. The out-of-plane displacement u3 is assumed to be in the form of

Uz = u3y + x3u3; + Cus, (18)

where

=35

Hence, for each local sub-domain, we have seven unknowns: u,qg, 39, V4 U31, and uz,.

Because we have only six governing equations from the local symmetric weak form, an additional gov-
erning equation needs to be constructed. In order to obtain the 7th equation, the equilibrium is enforced at
the midpoint for each local sub-domain, and the collocation method with the Dirac’s Delta function
0(x —X,) as the test function, is used. The additional governing equation in the out-of-plane direction
becomes

03;,j(Xs) + b3(X;) = 0, (19)

where X; is the location of the midpoint for the Jth local sub-domain.

4. Moving least squares approximation

In the MLPG method, the test and trial functions are not necessarily from the same function spaces. In
the current formulation, the test function is chosen to be linear as in Eq. (5). The trial function in the out-of-
plane direction is chosen to be as in Egs. (15b) and (18). The trial functions for u,, 39, 74, 431, and usz,, in
the in-plane directions, on the other hand, are chosen to be the two dimensional MLS interpolations over a
number of nodes within the domain of influence. While the local sub-domain is defined as the support of the
test function on which the integration is carried out, the domain of influence is defined as a region, where
the weight functions of the nodes inside do not vanish in the local sub-domain of the current node (Fig. 2).
In other words, the domain of influence contains all the nodes that have non-zero coupling with the current
nodal values in the stiffness matrix.

The characteristics of MLS have been widely discussed in literatures [27,28]. The MLS approximation of
any function u for any point x € Q/, is defined by
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Fig. 2. Local sub-domains and weight functions.

u" =pT(x)a(x), xeQ

s 7

(20)

where p'(x) = [p1(X),p2(x), . . ., pm(X)] is a complete monomial basis of order m. It needs to be mentioned
here that only the in-plane displacement components are considered in the above vector x, i.e.,
X = [x1,X;], because MLS is only used as in-plane interpolation of the field vectors.

Quadratic basis is used in the current paper

pr(x) = [l,xl,xz,x%,xg,xlxz], (21)
a(x) is a coefficient vector which is defined by minimizing a weighted discrete L,-norm
N
J@(x) =3 wix) [p(xna(x) - #']" = [P-a(x) —a]" - W(x) - [P~ a(x) - ], (22)
=1
where x; is the position of the /th node whose weight function w; does not vanish at x.
p'(x1)

T
X
P LA SR Ca= [l

wi(x) -0

0 DR W X
pT(XN) Nxm N( ) NxN
where i, I=1,2,...,N are the fictitious nodal values. It needs to be mentioned that in MLS interpolation,
the fictitious nodal value i’ does not equal to the approximated value «”. The stationary condition of J(x)
with respect to the coefficients a(x) leads to the following linear relation

A(X)mxma<x)m><1 = B<X)m><NﬁN><1’ (23)
where
A(x) =P"WP = wip(x/)p" (x1), (24)

B(x) = P'W = [wi (x)p(x1), w2(X)p(Xa), ..., ww (X)p(x)]- (25)
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By substituting a(x) into Eq. (20), the interpolation function " (i) is obtained
N
u' =3 ¢ X)L,
=1

where ¢'(x) = 377" 1p,(x) A (x)B(x)] ;-

123

(26)

Due to the higher-order nature of the plate problem, a 5th order spline type weight function is used:

wix) =4 1 10(3%—;)3 + 15(5—;)4 - 6(1—;)5 0<d <r,
0 d; <ry.

Thus, a C, continuity, in the in-plane coordinates, is guaranteed for the trial function.

5. Numerical discretization

The in-plane MLS interpolations for u,g, t39, 74, 431, and uz,, leads to:

N
h § I~
uaO - ¢ uaO’
=1
N
no_ I
Uz = E ,¢ Uz,
=1
N
h_ 151
Vo = E & Vs
=1
N
o Inl
Uz = E Py,
=1

N
”gz = Z qbli‘gz-
=1
Substituting Egs. (28a)—(28e) to Egs. (15a) and (18), the displacements are discretized to

ity
it
U N Q”I 0 —4){1?53 ¢1x3 0 0 0 i‘go ¥

0 ¢ —¢hxy 0 ¢y 0 0 Q3 p=> 0,
w) Lo o ¢ 0 0 ¢lxy el | =
ity

Al
Uy

Uy =

(27)

(28a)

(28b)

(28¢)

(284)

(28e)

where ¢’(x),x,) is the shape function of the MLS approximation for the Ith node, it’,, its), 7., it},, it}, are the
fictitious nodal values, and N is the total number of node sets in the domain of influence. Stresses can be
calculated by taking the derivatives of Eq. (29) and by multiplying with the constitutive matrix. Surface
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tractions can then be calculated from the stresses. Therefore, the discretized governing equations for the Jth

local sub-domain have the final form of

N
> /NDB’dF+ NDB’dF—oc/ @' dr ﬁ’:—/ de—/ bdQ—oc/ udr,
=1 L r fu I {u I ‘slt Qﬂl I zu
N
> / NDB'x; dI" + / NDB'x; dI" — / DB dQ—o| @'x; dF} o
=1 L‘s’ r!u Qsl r!u
= — E)C3 dr — / bX3 dQ — « l_DC3 dF/,
rj Q] ri,
N
> sl = —by(x),
=1
where b;(X) is the 3rd component of body force at mid-plane,
ny 0 0 ny 0 ns (bl 0 0
N=1|0 n, 0 n ny Of, ®=[0 ¢ 0],
0 0 ns 0 m m 0 0 ¢
(¢, 0 —¢hxs Plxs 0 0 0 ]
0 ¢, —dhpxs 0 ¢ 0 0
B — 0 0 0 0 0 ¢ —4;—§¢1
(]5{2 d){l -2 (l){] 2X3 ¢{2X 3 4)]1 X3 0 0 7
0 0 0 0 ¢, ¢{2x3 ¢[2§
[0 0 0 ¢ 0 ¢lxs  ¢hE
1 &= &= 0 0 0 7
— 1 & 0 0 0
4 ] 0 0 0
I-v  1—v E(l —v)
D =D Y , here Dy = ——————,
1o 0 0 R 0 0 TR T 1y
0 0 0 0 2‘(1’723) 0
0 0 0 0 0 21(1_21)_

D1 Dgy Ds3 Des Des Deg
D'= |Ds;y Ds, Ds3; Dsy Dss Ds |,
D31 D3y D33 Dy Dss D

(30)

S = [0 0 —D31¢{11 - D32¢,Izz (D31 + D66)¢,[1 (D3 + Dss)d’,[z (Dss ¢_[22 + D66¢{11>x3 - %Daz ¢+ f(Dss ¢+ Dscd’,[u) ] .

For each local sub-domain, seven equations in the form of Eq. (30) are generated, in terms of the seven
fictitious unknowns. The actual upper—lower nodal displacements are obtained from the solved fictitious

values using Eq. (29).
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6. Numerical example

Three numerical experiments have been performed, in order to illustrate the effectiveness of the present
method. Standard patch tests of a plate under uniform membrane tension, and under uniform pressure, are
first carried out. Cantilever beams in both the thin beam limit, as well as the thick beam limit, are simulated
and the results are compared with the analytical solutions. Square plates under distributed load, in both the
thin and the thick plate limits are also analyzed, and the results are compared with the analytical solutions.

6.1. Plate under uniform tension

A plate under the in-plane uniform tension is considered, in order to check the membrane responses of
the plate (Fig. 3). A plate under uniform pressure is also analyzed in order to check its compression re-
sponse (Fig. 4). The material parameters are taken as £ = 1.0, and v = 0.3. The plate is modeled with 18
nodes, including 9 nodes on the top surface and 9 nodes on the bottom surface. In the membrane test, uni-
form tension is applied on the right end of the plate and proper displacement constraints are applied to the
left end. In the compression test, the uniform pressure is applied on the top surface of the plate, and proper
displacement constrains are applied to bottom surface. The satisfaction of the first patch test requires that
the displacements are linear on the lateral surfaces, and are constant on the loaded surface; and the normal
stresses are constant on all the surfaces at the second patch test. Cylindrical local sub-domains with the
radius of 0.8/ are used in the analysis, where / is the nodal distance in the in-plane direction. Three-point
Gauss quadrature is used for the numerical integration in cylindrical local coordinates. The present method
passes both of the patch tests.

X2

X3

O

o > ol

O > T

Fig. 3. Patch test: plate under uniform membrane tension.

|5

Fig. 4. Patch test: plate under uniform pressure.
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Fig. 5. Cantilever beams under a transverse load.

6.2. Cantilever beam in thick and thin beam [limit

Cantilever beams under a transverse load are analyzed. A fixed length of L = 10 and a unit width b =1
are used. The material properties are £ = 1,000,000 and v = 0.25. In the in-plane direction, a uniform nodal
distribution with a distance of 0.5 is used for all the cases (Fig. 5). A total of 21 x 3 x 2 nodes are used in the
analysis.

The theoretical solution was given in Timoshenko and Goodier [30]:

P(1-#) h 2-%
c= |y -5 3x(2L - Yoy —m),
* GbET <y 2> { XL =3+l ﬂ
y ; ; 31)
P(1 — Vz) 2 3y A +V ,
=—— 3L — I — _Z h
YT T GbEL lx( Nt L=0)\y=3) kx|,
where I is the area moment of inertia of the beam, as
h3
=1 32
12 (32)
and
P E d 5 v for plane strain, “
B (H\z)‘zE ancé v= i~ for plane stress. (33)

A total of five cases with the beam thickness / equals to 2, 1, 0.1, 0.01, 0.001 are analyzed. The slenderness
ratio of L/h of the five cases are 5, 10, 100, 1000 and 10,000, respectively.

The transverse deformation of the thick beam with 4 = 2 are shown in Fig. 6. The transverse deforma-
tion of the thin beam with # = 0.001 are shown in Fig. 7. Four different weight function support sizes are
used in both the thick beam and thin beam analysis. The best solutions are obtained when the ratio R of the
local sub-domain radius (), to the weight function support radius (r,), i.e., R = ri/r,, equals to 3.5. The
weight function support radius ry, and local sub-domain radius r, are illustrated in Fig. 2. Using the opti-
mum support size, the tip displacements normalized with the exact solution for all the five cases are plotted
in Fig. 8. It can be seen that in the thin beam limit, the shear locking is completely eliminated.

6.3. Square plates under distributed load

The performance of the current formulation is also evaluated by analyzing square plates under uni-
formly distributed loads. Two sets of boundary conditions are used: (1) the plates are simply supported
on the all four sides (SSSS); (2) the plates are clamped on all four sides (CCCC). The schematic of the plates
is shown in Fig. 9. Because of the symmetry of the problem, only a quarter of the plate is modeled. Isotropic
material properties of E=1.092 x 10°, v = 0.3 are used for all the cases. A fixed length of the square plate
a =10 is used.
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6.3.1. Thick plates
In the thick plate
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$x

Simply supported
mped

Symmetry

/ al2
X

Fig. 9. Square plates under uniformly distributed load.

limit, four plates with different thicknesses are analyzed. Normalized theoretical center

deflections were given by Srinivas and Rao [29] in Table 1. The center deflections were normalized as
W= GVZ—q’“, where G is the shear modulus, ¢ is the distributed load. A parametric study is first carried
out on the effects of weight function support sizes on the plate displacements. The center deflections are
plotted against the varying ratios R, of the support radius to the local sub-domain radius, in Figs. 10

Table 1
Thick plates theoretical solutions
Thickness (k) Aspect ratio (alh) Normalized center deflection Normalized center deflection
GWnaxlhg (SSSS) GWaxlhg (CCCC)

1 2.0 5.00 14.214 5.604

2 14 7.14 53.422 18.64

3 1.0 10.00 192.69 62.83

4 0.5 20.00 2878.2 890.3
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4
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Fig. 10. Normalized center deflections vs. support sizes (CCCC).
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Fig. 11. Normalized center deflections vs. support sizes (SSSS).

and 11. A uniform nodal distribution of 9 X 9 x 2 nodes is used in the parametric study. When changing the
support size, the results oscillate around the theoretical solution and the error is within 5%. In order to
study the convergence property of the current method, five additional models of 7 X7 %2 nodes,
11 x 11 x 2 nodes, 13 x 13 x 2 nodes, 15 x 15 x 2 nodes and 17 x 17 x 2 nodes are analyzed. The convergence
of center displacement for the 4 = 1.0 plate is plotted in Fig. 12.

6.3.2. Thin plates

In the thin plate limit, five cases with aspect ratio a/h equals to 100, 200, 1000, 2000 and 10,000 are ana-
lyzed. For simply supported square plates under uniformly distributed load, the theoretical maximum
deflection at the center is given by Timoshenko [31]:

4qa*

Wmax = TEG—D’ (34)

1.04

1.03 N\

N\
1.02
1.01 \\

0.98

Normalized center displacement
—
/

—+—58S8
0.97 77 —=—CCCC |
0.96 ‘ ‘ ‘ ‘ ‘
90 190 290 390 490 590

Node number

Fig. 12. Displacement convergence in thick plate limit (a/h = 10).



130 Q. Li et al. | Journal of Computational Physics 208 (2005) 116—133

where D is the flexural rigidity of a plate, as
EW
12(1 —v2)°

For clamped square plates under uniformly distributed load with v = 0.3, the maximum deflection at the
center is given by Timoshenko [29]:

D=

4
Wy = 0.0138%. (35)

The effects of weight function support sizes on the plate displacements are plotted in Figs. 13 and 14. The
oscillation with respect to support size is a little higher than for the thick plate, but still within a reasonable
range. Five additional models with 7 x 7 X 2 nodes, 11 x 11 x 2 nodes, 13 x 13 X 2 nodes, 15 x 15 x 2 nodes
and 17 x 17 x 2 nodes are analyzed in the convergence study. The convergence of the center displacement
for h = 0.01 plate is plotted in Fig. 15. The normalized central deflections are plotted for both thin plates
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'6' /)\

2 1.05 ¥~

[

o A

g y
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Fig. 13. Normalized center deflections vs. support sizes for thin plates (CCCC).
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Fig. 14. Normalized center deflections vs. support sizes for thin plates (SSSS).
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Fig. 15. Displacement convergence in thin plate limit (a/h = 1000).
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Fig. 16. Central deflections vs. aspect ratios (SSSS).

and thick plates (Fig. 16). It can be seen that shear locking is completely removed in the current
formulation.

7. Conclusion

A totally locking-free MLPG formulation for plate analysis, employing a three-dimensional solid con-
cept, is presented in this paper. Compared with the traditional five-degree-of-freedom Reissner—-Mindlin
plate formulation, the current formulation has seven degrees of freedom for each node set. The solid plate
concept is prone to shear locking and thickness locking phenomena. Instead of using numerical techniques
such as assumed strain and reduced integration to eliminate shear locking, a more theoretically straightfor-
ward approach is used in the current paper. By changing two of the dependent variables, the shear locking
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is completely eliminated. In order to eliminate thickness locking, the 7th degree of freedom is introduced
and, thus, a quadratic out-of-plane interpolation is used for us.

The above methodology is applied to a cantilever beam in both the thick beam, as well as the thin
beam limits. For both thick beams and thin beams, the current method matches the theoretical solu-
tion accurately. The current method is also applied to square plates under uniformly distributed load.
Both simply supported and clamped boundary conditions are used in the analysis. In both the thick
plate as well as the thin plate limits, the present MLPG results agree with the analytical solution
accurately.

The current solid plate formulation provides another useful member in the MLPG tool box. It is accu-
rate, theoretically straightforward and most importantly, locking-free. It may also be extended, in a
straightforward manner to shells.
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